This paper deals with the controller synthesis for a class of positive two-dimensional (2D) switched delay systems described by the Roesser model. This kind of systems has the property that the states take nonnegative values whenever the initial boundaries are nonnegative, some delay-dependent sufficient conditions for the exponential stability of positive 2D switched systems with state delays are given. Furthermore, the design of positive state feedback controller under which the resulting closed-loop system meets the requirements of positivity and exponential stability is presented in terms of linear matrix inequalities (LMIs). An example is included to illustrate the effectiveness of the proposed approach.
Introduction
Two-dimensional (2D) systems exist in many practical applications, such as circuit analysis, digital image processing, signal filtering and thermal power engineering [8, 19, 48] . Thus the analysis and synthesis of 2D systems are interesting and challenging problems, and have received considerable attention, for example, 2D state-space realization theory was researched in [14] , the stability and 2D optimal control theory were studied in [7, 12, 17] , and the H 1 filtering problem for 2D Markovian jump systems was addressed in [42] .
The most popular models of 2D linear systems were introduced by Roesser, Fornasini and Marchesini [14, 15] and Kurek [27] . These models have been extended for positive systems in [20, 21] . A positive system means that its states and outputs are nonnegative whenever the initial conditions and inputs are nonnegative [13, 21] . Positive 2D systems are needed in many cases such as the wave equation in fluid dynamics, the Poisson's equation, and the heat equation which describes the temperature (using thermodynamic temperature scale) in a given region over time. These facts stimulate the research on positive 2D discrete-time systems. The choice of the forms of Lyapunov functions for positive 2D Roesser model was investigated in [23] . The problem of stability analysis for positive 2D fractional systems was investigated in [24] . Furthermore, the reaction of real world systems to exogenous signals is never instantaneous and always infected by time delays [16, [36] [37] [38] . The reachability, minimum energy control and realization problem for positive 2D discrete-time systems with delays was analyzed in [22] . And the stability analysis for positive 2D delayed systems was investigated in [3, 25, 26] .
On the other hand, a considerable interest has been devoted to the research of switched systems during the recent decades. A switched system comprises a family of subsystems described by continuous or discrete-time dynamics, and a http://dx.doi.org/10.1016/j.ins.2014.02.121 0020-0255/Ó 2014 Elsevier Inc. All rights reserved. switching law that specifies the active subsystem at each instant of time. Apart from the switching strategy to improve control performance [10, 35] , switched systems also arise in many engineering applications [2, 6] . Many techniques are effective tools dealing with switched systems, such as common quadratic Lyapunov function method, multiple Lyapunov function method, and average dwell time approach [1, 9, [28] [29] [30] [31] [32] [33] [39] [40] [41] 49] . Recently, [34, 45] studied the model reduction for linear switched systems, and [43, 46] focused on the problems of stability and control synthesis by using sliding mode control method.
In addition, it is well known that the switching phenomenon may also occur in practical 2D systems, so 2D switched systems have also attracted considerable research attention. There are a few reports on 2D discrete switched systems, Benzaouia et al. firstly considered 2D switched systems with arbitrary switching sequences in [4] and investigated the stabilizability problem of 2D switched systems in [5] , the generalized H 2 fault detection for 2D Markovian jump systems was studied in [44] . Recently, the exponential stabilization of 2D switched Roesser model was firstly investigated in [47] . For positive 2D switched systems, a typical physical application is the thermal process with multiple modes. The positive value of temperature (using thermodynamic temperature scale) depends on position variable, time variable and the heating intensity (switching among multiple modes), so this system can be modeled as a positive 2D switched system. By using algebraic techniques, sufficient and necessary conditions were first provided for the asymptotic stability of positive 2D switched systems described by the Roesser models in [11] . However, to the best of our knowledge, there has been little literature considering the control problem of positive 2D switched systems with time delays, which motivates the present work.
In this paper we will investigate the problems of delay-dependent stability analysis and stabilization for positive 2D switched linear systems with delays. The main contributions of this paper lie in: (1) By constructing an appropriate co-positive Lyapunov function, we first analyze the delay-dependent exponential stability of positive 2D switched Roesser model with state delays. (2) Instead of using algebraic techniques [11] which have been employed for the analysis of positive 2D switched systems, the average dwell time approach is applied to our developments which are based on LMIs. (3) Based on the well established results of exponential stability analysis, equivalent conditions in terms of LMIs are obtained for the existence of stabilizing positive state feedback controllers. A remarkable advantage of these conditions lies in the easy verification by using some standard numerical software.
The remainder of the paper is organized as follows. In Section 2, problem statement and some definitions concerning the positive 2D switched discrete linear systems with delays are given. In Section 3, some results concerning the delaydependent exponential stability and stabilization of positive 2D switched linear systems are presented. In Section 4, a physical example is given to illustrate the effectiveness of the proposed approach. Finally, concluding remarks are provided in Section 5. The following notation will be used.
Notations: In this paper, the superscript ''T'' denotes the transpose. The notation X > Y(X P Y) means that matrix X À Y is positive definite (positive semi-definite, respectively). A # 0("0) means that all entries of matrix A are nonnegative (non-positive). A 1 0(00) means that all entries of matrix A are positive (negative). R nÂm denotes the set of n Â m real matrices. The set of real n Â m matrices with nonnegative entries will be denoted by R nÂm þ and the set of nonnegative integers will be denoted byZ + . R n þ denotes the set of vectors with nonnegative entries. The n Â n identity matrix will be denoted by I n .
Problem formulation and preliminaries
Consider the following 2D switched Roesser model with state delays: 
Àd hH 6 i 6 0;
x v ði; jÞ ¼ v ij ; 80 6 i 6 z 2 ; Àd vH 6 j 6 0;
Àd vH 6 j 6 0;
where z 1 < 1 and z 2 < 1 are positive integers, h ij 2 R n 1 and v ij 2 R n 2 are given vectors.
In this paper, the switch can be assumed to occur only at each sampling points of i or j. The switching sequence can be described as ðði 0 ; j 0 Þ; rði 0 ; j 0 ÞÞ; ðði 1 ; j 1 Þ; rði 1 ; j 1 ÞÞ; . . . ; ðði p ; j p Þ; rði p ; j p ÞÞ; . . . ;
where (i p , j p ) denotes the p-th switching instant. It should be noted that the value of r(i, j) only depends upon i + j (see the references [5, 47] ).
Definition 1 [11] . System (1) (1) will degenerate into the following positive 2D system [26] .
Definition 2 [18] . System (1) with u(i, j) = 0 is said to be exponentially stable under the switching signal r(Á), if for a given z P 0, there exist positive constants c and n such that
holds for all D P z, where
Àd hH 6h h 60;
Àd vH 6hv 60
Remark 2. From Definition 2, it is easy to see that, for a given z, P iþj¼z kxði; jÞk C will be bounded, and P iþj¼D kxði; jÞk will tend to be zero exponentially as D goes to infinity, which also means kx(i, j)k will tend to be zero exponentially.
Definition 3. [47]. For any
holds for given N 0 P 0 and s a P 0, then the constant s a is called the average dwell time and N 0 is the chatter bound. As commonly used in the literature, we choose N 0 = 0 in this paper. number s a such that a switching signal has the average dwell time property, the average time interval between consecutive switching is at least s a .
The aim of this paper is to design a state feedback controller for system (1) such that the resulting closed-loop system is positive and exponentially stable.
Main results

Stability analysis
In order to address the control problem, we first focus on the problem of delay-dependent exponential stability analysis for the following positive 2D switched discrete linear systems with state delays 
where 
where l P 1 satisfies
Proof. Without loss of generality, we assume that the k-th subsystem is active. For the k-th subsystem, we choose the following co-positive Lyapunov-Krasovskii functional candidate 
Along the trajectory of system (6) 
t¼jÀd vH
Substitute the above formulations (10)- (19) into (8), and take 
If condition (7a) holds, one obtains
Inequalities (21)- (24) imply that V kh ði þ 1; jÞ þ V kv ði; j þ 1Þ < aV kh ði; jÞ þ aV kv ði; jÞ: ð25Þ
Summing up both sides of (25) from D to 0 with respect to i and 0 to D with respect to j, for any nonnegative integer D > max (z 1 , z 2 ), one gets 
Using (7c) and (8), at switching instant m j = i + j, we have
In addition, according to Definition 3, it follows that
Therefore, the following inequality can be easily obtained by repeating the inequalities (27) , (28) and using (29) 
Combining (31) and (32) 
Remark 4.
Note that when l = 1 in (7b), we have s Ã a ¼ 0, which means that the switching signal can be arbitrary.
Remark 5. It should be noted that a co-positive Lyapunov functional is constructed for the stability analysis in the derivation of Theorem 1. The motivation for using this type of Lyapunov functional is that the state of system (1) is nonnegative and hence such a linear Lyapunov functional serves as a valid candidate. Compared with the existing stability result in [11] , the one presented here is in the form of LMIs which can be conveniently verified. However, there exists the conservatism induced by Lyapunov functional (8) to some extent. The result can be improved by resorting to the delay-partition method for which a modified Lyapunov functional could be chosen.
Controller synthesis
This subsection studies the stabilization problem of positive 2D switched discrete Roesser model (1) for which the control law to be designed has the following state-feedback form uði; jÞ ¼ K rði;jÞ x h ði; jÞ
This control law will be designed to ensure the positivity and the exponential stability of the resulting closed-loop system: 
The following lemma will be useful in the subsequent development. 
Proof. The result can be obtained by applying Theorem 8 in [26] to system (35) . h 
Proof. From Theorem 1 and Lemma 2, the closed-loop system (35) is positive and exponentially stable if conditions (7b), (7c) and the following conditions hold. 
!
Then by using the LMI toolbox and following the steps of Algorithm 1, we make the following records.
Step Step 4. The desired positive state feedback controller can be given as (34) with the obtained K 1 and K
2
. The boundary conditions are given by x h ði; jÞ ¼ 0:1; 80 6 j 6 52; Àd hH 6 i 6 0; x v ði; jÞ ¼ 0:1; 80 6 i 6 52; Àd vH 6 j 6 0:
Choosing s a = 6.12, the simulation results in Figs. 1 and 2 show the state responses of the resulting closed-loop system under the switching sequence depicted in Fig. 3 . It can be observed that the closed-loop system is positive and exponentially stable, which demonstrates the effectiveness of the proposed method. 
Conclusions
This paper has addressed the delay-dependent exponential stability analysis and stabilization for positive 2D switched delay systems described by the Roesser model. Sufficient conditions for the delay-dependent exponential stability of positive 2D switched linear systems with delays have been established. A co-positive type Lyapunov functional has been used to get a computationally tractable LMI-based sufficient criterion which ensures the exponential stability. A design methodology of positive feedback controller has been provided to ensure the exponential stability and positivity of the resulting closed-loop system. A numerical example has been given to illustrate the efficiency of the proposed approach. Furthermore, future work will be devoted to the robust control problem to achieve the delay-dependent stability and the disturbance attenuation performance of positive 2D switched systems. 
